The formulation of the on-surface radiation condition (OSRC) is extended to handle wave scattering problems in the presence of multiple obstacles. The new multiple-OSRC simultaneously accounts for the outgoing behavior of the wave fields, as well as, the multiple wave reflections between the obstacles. Like boundary integral equations (BIE), this method leads to a reduction in dimensionality (from volume to surface) of the discretization region. However, as opposed to BIE, the proposed technique leads to boundary integral equations with smooth kernels. Hence, these Fredholm integral equations can be handled accurately and robustly with standard numerical approaches without the need to remove singularities. Moreover, under weak scattering conditions, this approach renders a convergent iterative method which bypasses the need to solve single scattering problems at each iteration.
Introduction
Multiple scattering problems emerge in many applications dealing with wave phenomena in acoustics, electromagnetism, elastodynamics or hydrodynamics. We restrict our attention to problems governed by the Helmholtz equation which is one of the most useful models for such wave phenomena. However, analogous ideas can be explored for the Maxwell system and the equations of elasticity. We consider a finite number of disjoint impenetrable obstacles embedded in a homogeneous isotropic medium. A given incident wave impinges upon the obstacles, and the problem amounts to calculate the scattered field. From the computational point of view, this is a very challenging problem. Difficulties are encountered due to the unboundedness of the medium, the appropriate satisfaction of the outgoing radiation condition at infinity, the number of obstacles and their location, their unavoidable interaction, and the geometrical characteristics of each one of them. An excellent resource for the study of these problems is the book by Martin [1] .
When the obstacle's boundary conforms to simple shapes such as spheres or ellipsoids, then methods based on separation of variables and Fourier expansions render a good approach [1, 2, 3, 4] . Otherwise, one is generally forced to consider numerical methods based on discretization. These methods typically belong to two main categories: volume and surface discretizations.
In the first category, we find the finite element (FEM) and the finite difference (FDM) methods among others. FEM and FDM lead to sparse matrix problems. However, their major drawback is the appropriate handling of the unboundedness of the medium. Many nonreflecting boundary conditions have been produced to truncate the physical domain while ensuring the outgoing behavior of the scattered wave. Some of these absorbing boundary conditions include local conditions, global conditions, infinite elements, and perfectly matched layers. These techniques have been extensively reviewed in the following articles and books [5, 6, 7, 8, 9] .
The second category is based on boundary integral equations (BIE) leading to surface discretizations. Here we find the boundary element method (BEM), the null-field equations and the T-matrix method. See [1] for an excellent review. They enjoys a reduction in dimensionality (from volume to surface) of the discretization region and the automatic satisfaction of the radiation condition at infinity. Moreover, the formulation of BIE is indifferent to the number of obstacles making it well suited for multiple scattering. However, BIE may become quite costly since they lead to singular integral kernels, and dense and possibly ill-conditioned matrices. Another technique leading to surface discretization is the method of on-surface radiation conditions (OSRC) originally developed by Kriegsmann, Taflove and Umashankar [10] . It is an approximate method that applies local absorbing conditions directly on the surface of the obstacle. As originally proposed, in the presence of a single obstacle, the OSRC leads to an explicit formula (up to numerical integration) avoiding the costly linear system obtained from BEM. However, the OSRC approximation is generally crude since the application of a local absorbing condition directly on the surface renders a low order method independent of mesh refinement. It is understood in the pertaining literature that the OSRC is designed to sacrifice accuracy in favor of computational speed. Therefore, the OSRC should not be employed if a high degree of accuracy is needed. For studies on high-order absorbing boundary conditions, we refer the reader to [5, 11, 12] and references therein.
Until recently, all of the volume discretization methods for scattering problems were exclusively formulated to handle a single scatterer. If several obstacles are present, the common practice is to ignore the multiple-component nature of the scatterer and enclose all obstacles with a sufficiently large artificial boundary. This has changed through the work of Grote, Kirsch and Sim [13, 14, 15] who formulated appropriate nonreflecting boundary conditions on artificial subboundaries each one enclosing a separate obstacle. An analogous work has been carried out by Jiang and Zheng [16] for the PML approach. Similarly, the main objective of the present Article is to derive an OSRC for multiple scattering problems which brings the absorbing condition to the surface of each obstacle. The naive implementation of the original OSRC to multiple scattering leads to an erroneous solution which neglects the unavoidable interaction between the obstacles. Therefore, we propose a multiple-OSRC formulated to simultaneously account for the outgoing behavior of the wave fields and the multiple reflections between the obstacles. We may summarize the advantages of the proposed method as follows. 2
1. In common with BIE, the multiple-OSRC leads to a reduction in dimensionality (from volume to surface) of the discretization region and the automatic satisfaction of the radiation condition at infinity.
2. As opposed to BIE, the multiple-OSRC leads to integral equations with smooth kernels. These Fredholm integral equations of the second kind can be handled accurately and robustly with standard numerical approaches such as Nyström, Galerkin and collocation methods, without the need to remove singularities. In addition, integral operators with analytic kernels can be approximated with spectrally accurate low-rank operators using 3. Under appropriate conditions, the multiple-OSRC leads to convergent Neumann series or so-called orders of scattering. However, as opposed to BIE, at each iteration there is no need to solve a single-scattering problem for each obstacle because the OSRC renders an explicit formula. Thus, after discretization, there is no need to build or invert a matrix. See details in Section 5.
4. If the accuracy of the proposed method is not satisfactory, the multiple-OSRC approach may serve as an inexpensive pre-conditioner for Krylov iterative solutions of BIE [18, 19] , or as an extraordinarily good initial guess for such iterative techniques. The multiple-OSRC may also be employed as a fast approximate method to explore parameter-spaces for optimization procedures and the construction of reduced bases [20] .
The proposed multiple-OSRC has a major drawback inherited from the original OSRC. In contrast with BIE, the multiple-OSRC is only an approximate method whose accuracy cannot be improved by grid refinement and no error bounds are available. In many cases, as seen in the literature [10, 21, 22, 23, 24] , the OSRC method leads to crude approximations of the exact solution. In addition, the OSRC performance deteriorates even more for non-convex obstacles, or rapid changes in the boundary curvature including corners or edges.
However, impressive advances have been accomplished by Antoine, Barucq, Bendali and others with the incorporation of surface curvature information into the absorbing condition. See [21, 22, 25, 26, 27] and references therein. Using pseudo-differential calculus, they perform a careful derivation of local absorbing conditions for surfaces of arbitrary shape. See also [28] for the use of geometrical optics for non-convex obstacles.
Formulation of the problem
In this section we setup the mathematical formulation of the scattering problem and review the well-known Green's integral representation of the solution. We shall work on three-dimensional scenarios, but the formulation in Sections 2-4 is also valid in two dimensions with obvious modifications.
The scatterer consists of J disjoint obstacles each occupying a simply connected bounded domain Ω As usual, an incident wave u inc impinges upon the J obstacles. The total field u t is decomposed as u t = u inc + u sc in Ω + where u sc represents the scattered field induced by the presence of the obstacles. For simplicity we assume a Dirichlet condition u t = 0 on Γ so that the outgoing scattered field u sc satisfies,
The limit in (3) is known as the Sommerfeld radiation condition where r = |x| for x ∈ R 3 . The wellposedness of the BVP (1)- (3) is studied in [29, 30, 31] . In the derivation of the multiple-OSRC we shall rely on the following Green's integral representation of the scattered field [29, 30, 31] . The scattered wave u sc satisfies the following identity,
where n denotes the unit normal vector to the boundary Γ directed into Ω + and Φ is the outgoing fundamental solution for the Helmholtz equation given by
The BVP (1)- (3) is well-posed in appropriate spaces. So one may define the exterior Dirichletto-Neumann (DtN) operator Λ mapping u sc | Γ → ∂ n u sc | Γ . Since Γ is the union of several subboundaries Γ j , we will refer to Λ as the multiple-DtN map. In view of the Green's identity (4) and the Dirichlet boundary condition (2), the knowledge of the multiple-DtN map Λ renders an explicit formula for the scattered field in terms of the incident field,
Of course, the application of the multiple-DtN operator Λ amounts to solve the full multiple scattering problem in the first place. Hence, expression (6) has little practical use in its current form. Many explicit approximations of the DtN operator have been developed in the past. They can be derived using pseudo-differential calculus and analytic expansions. For instance, one may use the well-known Engquist-Majda [32] , Bayliss-Gunzburger-Turkel [33] or Higdon [34] conditions to find applicable approximations of the DtN operator. For details, see the work of Antoine et al. 4 [25, 22, 23] , Atle and Engquist [24] and references therein. The main idea in the original formulation of the OSRC [10] is to simply replace the DtN operator in (6) by one of its approximations, and use the resulting formula as an explicit approximation for the scattered field. Unfortunately, these approximations are based on the assumption that the scattered field radiates from a single boundary in the outgoing direction. This is the case when Ω − consists of a single connected component. However, for the multiple scattering problem, the scatterer Ω − is disconnected since it is the union of several disjoint sub-scatterers Ω − j for j = 1, 2, ..., J. As a result, the scattered field bounces back and forth between obstacles inducing a complicated reflection pattern. As pointed out in the Introduction, the naive implementation of the original OSRC to multiple scattering problems leads to an erroneous solution which neglects the unavoidable interaction between the obstacles. In the remainder of this Article, we shall derive a multiple-OSRC which simultaneously accounts for the outgoing behavior of the scattered field and the multiple reflections between the obstacles.
Derivation of the multiple-OSRC
Our derivation of the multiple-OSRC rests upon the following fundamental decomposition theorem for multiple scattering problems. This theorem was explicitly proven in [13] and [16] for the two-and three-dimensional settings, respectively. In both cases, it was assumed that the obstacles are well-separated and conform to canonical shapes. Another proof was presented by Balabane [35] without assumptions on the shape or distance between of the obstacles as long as they are disjoint. See also [36, 37, 38, 39] for alternative proofs and similar applications of this decomposition theorem.
Theorem 1. Let u
sc be the solution to the BVP (1)-(3). Then, u sc can be uniquely decomposed into purely outgoing wave fields u j for j = 1, 2, ..., J such that
where u j radiates purely from Γ j , that is,
First of all, notice from (8) that the purely outgoing field u j is a radiating solution to the Helmholtz equation on all of Ω + j , including the interior of the other obstacles Ω − i for i j. This is precisely what we mean by a purely outgoing field with respect to the radiating boundary Γ j . Also notice that the purely outgoing field u j is completely determined by its Dirichlet boundary data on Γ j . So once this data is fixed, the purely outgoing field u j is completely oblivious to the presence of the other obstacles. Now, we turn our attention to the following problem: Find the Dirichlet boundary data of each purely outgoing field v j on its respective radiating boundary Γ j . Again, we rely on the Green's integral representation to obtain,
Here we pause to emphasize the fundamental difference between (9) and (4) . Notice that in representation (9), we only integrate over a single boundary Γ j from which u j radiates. Therefore, from the well-posedness of exterior Dirichlet problems, we may define a Dirichlet-to-Neumann operator Λ j mapping u j | Γ j → ∂ n j u j | Γ j . We will refer to Λ j as the single-DtN map since it is associated only with a single sub-boundary Γ j . The knowledge of the single-DtN map Λ j renders an explicit formula for this purely outgoing field u j in terms of its Dirichlet data,
As opposed to (6), the expression above now has great practical value since the single-DtN map Λ j is associated with a single-radiation problem and it can be explicitly approximated by the standard absorbing boundary conditions [5, 6, 8, 9, 10, 32, 33, 34] . Keeping in mind that each single-DtN map Λ j can be suitably approximated by a single-OSRC, then one can setup a system of linear integral equations for the Dirichlet data of each purely outgoing field u j . This is accomplished by enforcing the decomposition (7) on Γ = ∪ J j=1 Γ j in combination with Dirichlet boundary condition (2) for u sc . This leads to the following system,
for all j = 1, 2..., J. Conceptually, the system (11) represents the proposed multiple-OSRC. In order to simplify the derivation of the multiple-OSRC, we have purposely avoided the specification of normed spaces to which the wave fields belong. However, at this point we begin to setup the multiple-OSRC in operator notation and analyze its properties. Hence, it is convenient to state spaces and norms with precision. From the derivation above, we are lead to consider spaces on which the single-DtN operator Λ j is bounded. We have the choice of the classical Hölder spaces [29, Ch. 3] or the Sobolev space setting [31, Ch. 4] . We have chosen the latter. From the well-posedness of the weak formulation of exterior Dirichlet radiating problems [31] , we have the following regularity properties for s ∈ R,
Purely outgoing field u j ∈ H s+1/2
We also define the inner product on H 0 (Γ j ) by
which is also generalized to coincide with the duality pairing between a functional w ∈ H −s (Γ j ) and a vector v ∈ H s (Γ j ) for s ≥ 0. We also generalize the complex conjugate w ∈ H −s (Γ j ) of the functional w ∈ H −s (Γ j ) by w, v j = w, v j for all v ∈ H s (Γ j ). Now we define the wave propagation operators P i j :
So the operator P i j represents the propagation of the wave field from surface Γ j to surface Γ i .
It is now clear that the system of equations (11) can be written in operator notation as follows,
Defining P :
we can express (14) in compressed notation as
where 
The well-posedness of the system (16) is summarized in the following theorem.
Theorem 2. The operator (I + P) :
Proof. Since the obstacles are disjoint then Φ(x, y) is smooth for all x ∈ Γ i and y ∈ Γ j whenever i j. Notice that the first term in (13) is an integral operator with kernel ∂ n Φ(x, y). The second term in (13) is the composition of Λ j and an integral operator with kernel Φ(x, y). Hence, the propagator operator P i j defined by (13) is compact because the single-DtN operator Λ j : H s (Γ j ) → H s−1 (Γ j ) is bounded and the integral operators are highly smoothing since the arguments of Φ(x, y) belong to disjoint surfaces. This makes the operator matrix P compact and (I + P) bounded. Therefore the Riesz-Fredholm theory [31, 40] applies to the operator (I + P). The well-posedness of the BVP (1)-(3) and Theorem 1 imply that the system (11) or equivalent equation (16) has a solution for all f ∈ J j=1 H s (Γ j ). This implies that (I + P) is surjective, and by the Riesz-Fredholm theory then it is also injective and its inverse is bounded. 7
The multiple-OSRC is obtained by replacing the single-DtN operator Λ j by an explicit approximation, which we denote byΛ j . So the precise definition of a multiple-OSRC operator is given as follows.
Definition 1 (Multiple-OSRC). Given a suitable approximationΛ j of the single-DtN operator Λ j for each j = 1, 2, ..., J, the multiple-OSRC operator is defined to be (I +P) whereP is given by (13) and (15) with Λ j replaced byΛ j .
The adjoint Dirichlet-to-Neumann operator
For practical purposes, it is convenient to formulate the multiple-OSRC in terms of the adjoint of the single-DtN map Λ j . We denote the adjoint operator by Λ *
In that case, the propagation operators,
given by (13) can be equivalently defined as
Notice that in (18) , as opposed to (13) , no operator is acting on the field v ∈ H s (Γ j ). This is advantageous in the sense that the field v in (18) represents one of the components of the unknown solution for the multiple-OSRC system (14) . Instead, we are left to compute Λ * j Φ(x, ·), the action of the adjoint single-DtN operator Λ * j on the complex-conjugate of the well-known fundamental solution Φ(x, ·). Now, it remains to characterize the adjoint single-DtN operator in order to obtain useful approximations of it such as the well-known absorbing boundary conditions already discussed in Sections 1 and 2. We accomplish this by explicitly expressing the adjoint DtN operator Λ * j in terms of the original DtN operator Λ j as follows.
Proof. Let w, v ∈ H s (Γ j ) be arbitrary. Let W, V ∈ H s+1/2 loc (Ω + j ) be the unique generalized solutions of the following problems,
Notice from the last two conditions that W is outgoing and V is incoming. Also notice that V is an outgoing solution of the Helmholtz in Ω + j satisfying the Dirichlet condition γ j V = v on Γ j . An application of Green's second identity [31, 29] to both outgoing fields W and V yields,
Now, from the definition of the DtN map, we have that Λ j w = ∂ n W and Λ j v = ∂ n V. So in terms of the sesquilinear form, we obtain Λ j w, v j = Λ j v, w j = w, Λ j v j for all w, v ∈ H s (Γ j ), which reveals that Λ * j v = Λ j v for all v ∈ H s (Γ j ) as desired.
Remark 1.
From the proof of Theorem 3 we see that the adjoint DtN map is associated with incoming fields in the same manner as the DtN map is associated with the outgoing counterparts.
More precisely, using the notation in the proof above, notice that Λ * j v = Λ j v = ∂ n V = ∂ n V. Therefore, it follows that the adjoint operator Λ * j maps the Dirichlet data γ j V into the Neumann data ∂ n V of the incoming wave field V.
From (18) and Theorem 3, we see that the propagation operator P i j can be expressed as a surface integral operator as follows
Here the DtN map Λ j associated with a single-radiation problem can be explicitly approximated by the standard absorbing boundary conditions [5, 6, 8, 9, 10, 32, 33, 34] . Recall that most of these absorbing boundary conditions involve tangential and/or normal derivatives. The order of these derivatives usually increases to obtain better performance [11] . Hence, it is often the case that the approximate DtN mapΛ j yields an unbounded operator in the normed spaces under consideration.
However, the representation (19) renders another advantage, coming from the fact that the DtN operator Λ j acts on the fundamental solution Φ, and not on the unknown function v. Recall that Φ = Φ(x, y) is smooth (analytic) for arguments x ∈ Γ i and y ∈ Γ j with i j. Hence, the approximationΛ j Φ(x, y) simply yields another smooth integral kernel which leaves the boundedness (and actually compactness) of the propagation operator P i j intact. This represents a tremendous advantage from both theoretical and practical points of view.
Notice that the true solution u of the system (16) is approximated by the solutionũ of the perturbed system according to the Def. 1 of the multiple-OSRC method. To ensure thatũ exists and that u −ũ is sufficiently small, we may resort to either one of the following options:
(a) Enforce that Λ j −Λ j is sufficiently small in the operator norm.
(b) Enforce that Λ j Φ −Λ j Φ is sufficiently small in some appropriate norm.
Notice that option (a) cannot be enforced in general sinceΛ j may be an unbounded operator as explained above. And even if the approximate DtN operatorΛ j is chosen to map boundedly into the appropriate space, it is much easier to ensure the smallness of a vector-norm, such as in option (b), than the smallness of an operator-norm, such as option (a) above. Again, this second option is 9 possible because we have proposed to apply the DtN operator to a fixed function Φ as opposed to the unknown function v. In other words, the operatorΛ j must be chosen to act satisfactorily only on the fundamental solution Φ rather than the whole space H s (Γ j ) which may possible contain highly oscillatory or non-smooth functions.
Orders of Scattering
When the obstacles are sufficiently small or far away from each other (with respect to the wavelength), we may show that the propagation operator P, defined in (19) , has a sufficiently small norm so that (16) can be solved using the Neumann series. This is easily seen from the following estimates,
where the constant C = C(k) is independent of x and grows with k. For disjoint obstacles, a simple calculations shows that
for some other constant C = C(k) which grows as ∼ k. For a fixed wavenumber k, if the distance between Γ i and Γ j is sufficiently large, or the surface measures of Γ i and Γ j are sufficiently small, then the norm of P i j will be less than 1. If the smallness in the norm of P i j is uniform for all i, j = 1, ..., J then we have that P < 1 as well. In that case, we have that the solution of (16) is given by
with convergence in the norm of (17) . Unfortunately, the constant C appearing in (20) is non-trivially dependent on the geometry of the obstacles which makes it difficult to estimate a-priori. This renders inequality (20) hard to use in practice as a precise way to verify the smallness of the propagation operator P.
We refer to Chapter 8 in [1] for a review of the orders of scattering theory widely employed in multiple scattering problems. Recall that in practice P is replaced by its approximationP using approximations of the single-DtN maps Λ j . Thus, we obtain an approximate solutioñ
where the series has been truncated. The error u −ũ can only be controlled by increasing N and using better approximations of the propagator P. As we mentioned in the Introduction, theapplication of (21) does not require to solve single-scattering problems which is inherited from the original OSRC. In practice, one may equivalently arrive at (21) from the following iterative scheme,ũ n+1 = −Pũ n andũ 0 = f . The application of this iteration only involves the (numerical) integration associated with the applications ofP with no need to build or invert a matrix. As a result, this method renders an approximate solution at a low computational cost, assuming that the weak-scattering condition is well-satisfied. We finish this Section with some comments concerning the validity of the orders of scattering approach in two-dimensional scenarios. We realize that the estimate (20) is only valid in three dimensions because the fundamental solution Φ(x, y) decays as |x − y| −1 . In two dimensions, the fundamental solution decays as |x − y| −1/2 . Hence, we should expect the wide-spacing approximation to work better in three-dimensional problems than in two dimensions.
The far-field pattern
In this section, we explicitly review the definition of the so-called far-field pattern corresponding to the scattered field. This is employed in the next section to compare exact and numerical solutions. It is well-known that the scattered field u sc admits the following asymptotic behavior
where u ∞ is known as the far-field pattern of u sc . An analogous asymptotic behavior holds for each purely outgoing wave field u j defined in Theorem 1. From the asymptotics of the fundamental solution
and the representation (10), we obtain the far-field pattern for each purely-outgoing wave field to be
Therefore, once each purely-outgoing wave field u j is approximated using the multiple-OSRC, then we obtain an approximation to the multiple-scattering far-field pattern given by
Numerical examples
In this section we present the numerical results obtained from the implementation of the proposed multiple-OSRC. We discuss the following two examples.
Example 1
Here we only consider two obstacles embedded in the three-dimensional space which are shaped and located axisymmetrically with respect to the z-axis. We define an incident field as to easily obtain the exact solution for this problem. More precisely, the incident field is given by
This is the superposition of two point sources with respective centers at c 1 and c 2 . Each center point c j is purposely located within the obstacle Ω Now, we consider explicit expressions to approximate the single-DtN map Λ j acting on the fundamental solution Φ(x, y). For instance, from [28] we can extract the following approximation valid for high-frequencies. In principle the OSRC is not limited to high-frequency waves, but most well-known local approximations of the single-DtN map perform better as the frequency increases due to the asymptotic localization of the solution in the high-frequency regime. See details in [25] . The numerical results of this section are obtained using Theorem 4 to approximate each single-DtN operator Λ j by neglecting the higher-order terms. (i) If none of the rays starting at x passes over y, ie. y belongs to the portion of Γ j not illuminated by a point source at x, then for any m > 1
(ii) If there is a ray passing over y which is not tangent to Γ j at y, ie. y belongs to the portion of Γ j illuminated by a point source at x, then
The boundary of Ω − 1 is defined as a surface of revolution from the following parametric curve described in axisymmetric cylindrical (r, z) coordinates,
and the boundary of Ω − 2 is a mirror imaging of Ω − 1 about the z = 0 plane. An illustration of these obstacles is displayed in Figure 1 . Notice that they are not entirely convex. Yet the multiple-OSRC renders good results as displayed in Figure 2 and Table 1 . For the incident field (24), we computed the far-field pattern using the proposed multiple-OSRC. A comparison with the exact solution is displayed in Figure 2 for wavenumber k = 8π. Results for various values of k are displayed in Table 1 where the following relative error in the L 2 -norm is reported,
The meshes employed to discretize the axisymmetric surfaces were chosen to contain at least 8 points per wave length in order to properly resolve the oscillatory behavior of the waves fields. We also note that Table 1 reflects the fact that the error decreases as the frequency increases due to the asymptotic behavior ensured by Theorem 4. It is also worth mentioning here that the orders of scattering iterative procedure described in Section 5 was employed to obtain the numerical solutions for the scattering configurations of this section. 
1.74e-1 1.06e-1 7.45e-2 5.83e-2 4.99e-2
Example 2
Here we consider four obstacles embedded in two-dimensional space. They are illustrated in Figure 3 . As in the previous example, we define the incident field as to easily obtain the exact solution of this problem. The incident field is given by where the two-dimensional fundamental solution is Φ(x, y) = −i/4H (1) 0 (k|x − y|), and H (1) 0 is the zeroth order Hankel function of the first kind. The incident field (27) is the superposition of four point sources with centers at c 1 = (2, 2), c 2 = (2, −2), c 3 = (−2, −2) and c 4 = (−2, 2), expressed in Cartesian coordinates. The exact far-field pattern is easily obtained to be u ∞ (x) = − 4 j=1 e −ikx·c j . As before, we consider explicit expressions to approximate the single-DtN map Λ j . For this example, we consider a couple of Bayliss-Turkel-like absorbing boundary conditions derived in [25] . These are given by
where C is the curvature of the obstacle's boundary and s represents its curvilinear abscissa. For the incident field (27), we computed the approximate scattered field and the corresponding far-field pattern using the proposed multiple-OSRC. A comparison with the exact solution is displayed in Figure 4 for wavenumber k = 4π. Results in terms of the relative error (26) for various values of k are displayed in Table 2 . As expected, we note from this table that the second order approximation of the single-DtN map performs better than the first order. Similar to the example in the previous subsection, the relative error decreases as the frequency increases. 
Eqn. (28) 2.75e-2 1.38e-2 9.28e-3 7.05e-3 5.67e-3 Eqn. (29) 2.70e-2 7.81e-3 3.70e-3 2.19e-3 1.47e-3 
Summary and future work
A novel on-surface radiation condition for scattering from multiple obstacles has been proposed in this work. This condition allows the waves to interact between the several obstacles and propagate towards infinity in the correct physical manner. The multiple-OSRC renders a system of integral equations for the boundary values of the purely-outgoing waves which compose the sought scattered field. The resulting system of boundary integral equations is Fredholm of the second kind with singularity-free kernels. Under weak scattering conditions, the multiple-OSRC leads to a convergent method of successive approximations. At each iteration there is no need to solve a single-scattering problem for each obstacle because the single-OSRC renders an explicit approximate formula (up to numerical integration).
Since the multiple-OSRC is only a low order approximate method, we highlight the potential of this proposed approach to yield extraordinarily good initial guesses and inexpensive preconditioners for Krylov iterative solutions of BIE. Similarly, the multiple-OSRC may serve as a fast approximate method to explore parameter-spaces employed in optimization algorithms and reduced-order models where most of the computational effort is spent in the construction of reduced bases [20] .
The extension to other boundary conditions on the surface of the obstacles is relatively straightforward. Here again, explicit approximations of the Neumann-to-Dirichlet map are found, for 15 instance in [24] , to handle problems with a Neumann condition. One may similarly construct useful approximations for the Robin-to-Dirichlet and Robin-to-Neumann maps, and their inverses. Although the following are beyond the scope of this paper, we briefly delineate some possible extensions to enhance the impact of our work on engineering problems.
1. The extension to electrodynamics. The main ingredients in the formulation of the multiple-OSRC are the Decomposition Theorem 1 and physically meaningful approximations of the single-DtN maps. Fortunately, both of these ingredients are found in the literature for Maxwell's equations. See for instance [35] and [24, 26, 41, 42] , respectively. 2. The extension to the time domain. Here again, a decomposition theorem and applicable approximations of the hyperbolic-DtN maps are needed. Approximations for the hyperbolicDtN map can be obtained by simply recalling the Fourier duality between ∂ t and −ik. In the time domain, we would need to numerically integrate transient boundary layer potentials. See [43] for a review and recent analysis of time domain boundary integral operators.
